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In Section 128 of Smith’s “Report on the Theory of Numbers” (Chelsea, New 
York, 1965) one finds a certain theta function whose coefficients are multiplicative 
arithmetic functions. It is shown in this paper that this is an elementary example 
of the well-known connection between the higher reciprocity laws of number 
fields, Artin L-functions, and modular forms. 
1. INTRODUCTION 
The main theme of this paper is to exhibit the close relation that exists 
between the higher reciprocity laws of number theory and the classical theory 
of modular forms. The simplest such relation is perhaps noted in connection 
with the quadratic reciprocity law: let f(x) = ax2 + bx + c be a quadratic 
polynomial with integer coefficients and negative discriminant 4 let 
x(n) = (d/n) be the Jacobi symbol, and let !F, be thep-element field. Then for 
p a prime, which is relatively prime to d, we have the equality 
#{x E F,: ax2 + bx + c = 0) = 1 + x(p). 
It should be observed that on the left-hand side we have a number which 
arises from purely Diophantine data; as opposed to this, we have on the 
right-hand side a number which can be thought of as arising from purely 
analytical considerations. In fact the number 1 + x(p) is an eigenvalue of 
the operator T, acting on the function 
ad = BJW, xl + f  (c x(d)) qn; 
n=1 din 
that is to say, if 
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then 
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= (1 + X(P)) E(q). 
In this paper we will discuss one classical example which is intended 
to serve as an indication of the basic questions treated in the theory of 
modular forms and their connection with number theory. 
2. AN EXAMPLE OF JACOBI AND SMITH 
The example we are about to describe is very close to the roots of the 
theory of modular forms and the higher reciprocity laws of number theory 
and came into existence at the end of two decades of work by Gauss, Jacobi, 
Eisenstein, and others on the cubic and biquadratic reciprocity laws. It 
appeared for the first time explicitly in Smith’s Number Theory Report to 
the British Mathematical Association in 1865. Its interest from a historical 
point of view stems from the fact that it is the first instance of an explicit 
computation of a numerical example of a cusp form of weight 1 which is an 
eigenfunction of the Hecke operators, and, what was later called, an Artin 
L-function. The result, which is contained in Section 128 of Smith’s report [2], 
is the following. 
THEOREM 2.1. (a) We have the following identities 
9%) = 4njj (1 - 4*w - P”) 
= m;Ez (-l)m+n qf4m+l)e+16n20 
(b) The coeficient a(n) in the power series identity 
is a multiplicative arithmetic function. 
Remark. In Theorem 2.3 below, which is an example of a higher reci- 
procity law, we evaluate completely the coefficients u(n). 
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Proof of Theorem 2.1(a). The well-known Jacobi Triple Product identity 
c 
vmq?n2 = 
ntez 
mJl (1 - qZrn)(l + qZ+lv)(l t q”m-IV-l) 
can be specialized to yield the following four identities 
cq 
zm*im = fi (1 _ q4")(1 + p-l), 
mcz V&=1 
(1.1) 
& (-1)” qn2 = fil (1 - q2”)(1 - q*y*, (1.2) 
zz (-1)” q2m%lz = fi (1 - g2”‘-I)(1 - q4’11), 
WE=1 
(1.3) 
-Lz t- 1)” 9 2n2 = fi (1 _ q”rn)(l - q4y). (1.4) 
m=l 
For instance to obtain (1 .I) we send q + q* and put v = q; (1.3) is obtained 
from (1.1) by sending q + -q. If we multiply (l.l), (1.2) and (1.3), (1.4) 
we get, respectively, 
c q2n12+m VlEZ 7L (-1)” qn2 = fi (1 - q”)U - P) 7I=l 
zz (-l),, q*nbZ+m c (-1)n q*n2 = fi (1 - qn)(l - q*y. 
?EZ ?I=1 
We now make the substitution q + q8 and then multiply both sides of the 
last two identities to obtain 
q fJl (1 _ qs”)(] - qy = c (-1)” q(4m+1)2+8n2 
m,nsz 
This proves (a). 
Before we prove the multiplicativity of the coefficients a(n), we examine, 
as a first approximation to the higher reciprocity laws, the connection between 
the identities in the statement of Theorem 2.1(a) and Gauss’ two criteria for 
the biquadratic character of 2. 
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GAUSS’ FIRST CRITERION. Let p be a prime, p = 1 (mod S), and let 
p = (4a + 1)” + 8b2. Then 
x4-220 (mod d 
has a solution and hence four solutions if and only if a = 0 (mod 2). 
GAUSS’ SECOND CRITERION. Let p be a prime, p = 1 (mod 8) and let 
p = (4or + 1)” + 16/12. Then 
has a solution and hence four solutions if and only if fi = 0 (mod 2). 
Proof of Gauss’ jirst criterion. From the representability of p in the given 
form we get 
-8b2 E (4a + 1)2 (mod PI. (1.5) 
We now raise both sides to the power (p - 1)/4 and observe that 
(-p-l)/4 = 1, #P-l'/4 = 2(P-n/2 3 (2/p) = 1. 
Also, if 2” 1 b then, with b = 2kb’, we have 
(b2)(P--1)/d = b(M)/2 g (+) G ($)k ($) = (5) = 1, 
since p = (4a + 1)2 mod b’. Similarly 
P 
4a + 1 
) 
= (-1)“; 
collecting these congruences we have 
2(P-l)/4 E (-1) (mod PI. 
Gauss’ first criterion now readily follows from the simple arithmetical fact 
that the congruence 
X* s a (mod PI 
has b = (n,p - 1) solutions if a (P-UP = 1 (modp) and has no solutions 
otherwise. 
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We derive Gauss’ second criterion from the first by a method due to 
Dirichlet. We first observe that the equality p = (4~ + 1)2 + 8bz = 
(4~x + I)” + 16p2 implies 
‘#a + ,Q + 1}{4(u - ,4 + 1) = (4a + 1)’ - 8b2. (1.6) 
Now, if d is a common divisor of 4c~ + 1 and b, then, unless d = 1, it cannot 
divide the greatest common divisor of 4(a + /I) + 1 and 4(u - p) + 1, 
for if it did it would follow, since d is odd, that d I /3; but if this is the case 
then d2 I p which is impossible. Therefore we can write 
((4~ + 1)2, b2) = 828o2, (6 &J = 1, 
with a2 I 4(a + p) + 1 and a02 1 4(a - j3) + 1. Now from (1.6) we obtain 
f 
4(u + 8) + 1 
I! 
4(u - p) + ' 
62 %I2 I 
= x2 _ &,2 
with x odd and (x, y) = 1. From the congruence 
x2 - 2(2~)~ = 0 (mod D), D = 4(u + B> + 1 
82 ’ 
we get that 
1 = (2/D) = (-l)(-)P 
or equivalently D2 z 1 (mod 16); but since S4 = 0 (mod 16), this reduces to 
(4(u + /3) + 1)2 = I (mod 16) or 8(u + /3) E 0 (mod 16). Therefore 
u+p-0 (mod 2). (1.7) 
Thus we get that p =_ 0 (mod 2) if and only if a = 0 (mod 2). This proves 
Gauss’ second criterion. 
Remark. The equality p = (4~ + 1)2 + 8b2 = (4a + 1)2 + 16p2 implies 
that (4~ + 1)2 + 8b2 E (401 + 1)2 (mod 16), or equivalently 16a2 + 8u + 
1 + 8b2 = 16a2 + 8a! + 1 (mod 16) from which we get 
ufb-a (mod 2); 
here we have used the simple fact b2 E b (mod 2). This last congruence 
together with (1.7) give for a prime p = 1 (mod 8) 
b-a+/3 (mod 21, (W 
where b, 01, and fl are the numbers appearing in Gauss’ two criteria. It then 
appears that the identities in Theorem 2.1(a) are a generalization of the 
equivalence of Gauss’ two criteria for the biquadratic character of 2. 
641/12/1-5 
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Proof of Theorem 2.1(b). We first make a few trivial remarks about the 
obvious values of a(n). 
1. a(n) = 0 if n $ 1 (mod 8). This is seen from the expansion of the 
infinite product that defines a(n). 
2. a(n) = 0 if n = 1 (mod 8) and p2v+1 1 n, with a prime p = 3, 5, 7 
(mod 8). This is seen by observing that a representation of the form 
n = (4a + 1)” + (4fi)z implies that the congurence x2 = - 1 (modp) has 
a solution which is impossible if p = 3, 7 (mod 8). Similarly a representation 
of the form n = (4~ + 1)2 + 2(2b)2 implies that the congruence x2 = -2 
(mod p) has a solution which is again impossible if p = 5 (mod 8). 
To evaluate a(n) it suffices to consider integers n of the form 
n = n p2(P) n q2d~) n r2a(r) n .yzacs), 
(1) (3) (5) (7) 
(1.9) 
where the products n(,) , nf3) , Ifits, , and n(,) run, respectively, over the 
prime divisors of n which satisfy p = 1 (mod 8), q = 3 (mod S), r = 5 
(mod 8), and s = 7 (mod 8). To prove the multiplicativity of a(n) it suffices 
to consider integers II of the form (1.9) and to show for these that if n = 12’ * n”, 
with (n’, n”) = 1, then u(n) = a@‘) a(#). This we now proceed to do. 
Two well-known facts from the theory of binary quadratic forms are 
[I, p. 1871: 
1. (Dirichlet). The number of solutions of n = x2 + 8y2 with x = 1 
(mod 4) is 
c (y/q. din (1.10) 
2. (Euler). 
(ax" + cy2)(xf2 + ucy'") = ax2 + cY2, x = xx' - cyy', Y = uxy' + x’y. 
(1.11) 
To a representation of n in the form n = (4~ + l)2 + 8b2 we attach the 
binary character 
b(n) = b (mod 2). 
Let us first consider how representations of n’ and n” give rise to a represen- 
tation of n = n’ . n”. Suppose 
n’ = (4~ + 1)2 + 8H2 = x’* + 8y’*, 
n” = (4~’ + 1)2 + 8b”2 = xn2 + 8~“~. 
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From Euler’s identity (1.11) we have 
n _ n’ .  n” = 
(x’x” - 8b’b”)2 + 8(x’b” - t  xWb’)%. (1.12) 
Since the counting function for the number of representations of n by the form 
9 + 8y2 with x -- 1 (mod 4) is multiplicative, we see that all representations 
of n are obtained by composition from all the representations of n’ and n”. 
Now, since x’ :- x” = I (mod 4), we get from (1.12) that b(n) :-~ 
x’b” $ x”b’ ~_ 6’ + b” (mod 2), that is, 
b(n’ - n”) = b(n’) + b(d) (mod 2). 
If we multiply the sums 
u(d) = c (-l)b’, u(n”) = 1 (-l)b”, 
a’,b’ u”,b” 
where a’, b’ (resp. a”, b”) run over all solutions of n’ = (4a’ 
(resp. n” = (4~” + 1)2 + 8bn2), and use (I. I2), (I. 13) we get 
(1.13) 
1)2 + 8b12 
where the last sum runs over all representations of n = (4~ + 1)2 + 8b”; 
but this last sum is precisely u(n). This proves that u(n) is multiplicative. 
Remark. The multiplicativity of u(n) is equivalent to the fact, which we 
will establish later, that the modular form 
4(q) = i a(n) 4% 
11=1 
is an eigenfunction of the Hecke operators, that is 
The multiplicativity of u(n) reduces the evaluation of u(n) to the following 
four cases. 
Case 1. n = pv, with a prime p T; 1 (mod 8). 
Case 2. n = p2v, with a prime p - 3 (mod 8). 
Case 3. n = p2v, with a prime p = 5 (mod 8). 
Case 4. IZ = p2v, with a prime p - 7 (mod 8). 
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The last case is the simplest to treat, since here the only representation of 
p2” by the form Q, = (4a + 1)2 + 8b2 is 
Hence the sum 
P 2u = ((- 1)“~~)~ + 8 . 02. 
4d”) = c (-I)* 
(1.1) 
contains only one term and this is = 1. Since - 1 is not a quadratic residue 
modulo a primep = 3 (mod 8) the only representation ofpev by the quadratic 
form Q, = (4or + 1)” + 16/12 is 
P 2g = ((-1)“~“)” + 16 * 02. 
To find the parity of 01 we use the binomial theorem to obtain (-1)“~” c 
1 + 4u (mod 8) and observe that 01 = o (mod 2). Therefore in case 2 we have 
a(p”“) = (-l)o+s = (-1)“. 
Now, since -2 is not a quadratic residue modulo a prime p s 5 (mod 8), 
the only representation of p2” by the quadratic form Q, = (4~ + 1)2 + 8b2 
is 
P 2u = ((-1)“~“)” + 8 * O2 
and hence the sum xa,b (-l)*, p2V = (4~ f 1)” -I- 8b2, contains only one 
term which is = 1. 
There remains the first case. Here p” is representable by each form 
times. Of these v + 1 representations two are primitive, that is, p” = 
(4~ + 1)” + 8b2 with (4a + 1, b) = 1, and the remaining u - 1 are derived, 
that is, (4~2 + 1, b) > 1. We want to show that 01+ @ = b (mod 2) for all 
representations by Q, = (401 + 1)” + 16jP and Q, = (~CZ + 1)2 + 8bS. To 
see this, let pv = (4a+ 1)” + 16/P be a Axed primitiue representation and 
let p” = (4a + 1)2 + 8b2 run through all representations of p by the form 
Q, = (4a + I)” + 8b2. Now the equality (4~ + I)* + 8b2 = (4a + 1)2 + 16p 
gives 
{W + PI + 1){4(u - 6) + 1) = (4a + 1)” - 8b2. (1.14) 
If d > 1 divides (4a! + 1, b2) then d does not divide 4(u + /3) + 1 and 
4(a - rs) + 1. For otherwise d I@ which is impossible because of the 
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assumption (401 + 1, /3) = 1. Therefore we have ((401 + 1)2, b2) = a2, ao2, 
(6, 8,) = 1, with a2 \ 4(a + ,8) + 1, and 
I 4ta + @ + 1 II 4(a - 6) + 1 82 h2 1 = x2 _ 8y2 > (x7 Y) = I, 
and x is odd. This implies that 
x2 - 2(2Jy = 0 (mod D>, 
D = 4(a + PI + 1 
62 . 
Hence 2 is a quadratic residue modulo D. But (2/D) = (-l)(D*-l)l8, and 
hence Da = 1 (mod 16), also 64 = 1 (mod 16) and thus a + j3 s 0 (mod 2). 
On the other hand we always have a = a + b (mod 2). This proves 
b-a+/3 (mod 2). (1.15) 
By a similar argument we can show that if we fix a primitive representation 
p” = (4~ + 1)2 + 8b2 and let p* = (4a+ 1)2 + 16f12 run through all 
representations, primitive and derived, then the identity 
{4(a + ,4 + 1}{4(a - /Q + l} = (4~ + 1)2 - gb2 
would imply that a divisor d of (4a + 1, b) cannot divide (4(a + fl) + 1, 
4(a - /3) + I), unless d = I, for otherwise d / (4a + 1) which is impossible 
since we assumed that (4~ + 1, b) = 1. Therefore the reIations (1.14) and 
(1.15) again hold. This shows that a + /3 E b (mod 2) holds for all the 
representations of p” by Q1 = (4a + 1)” + 16p2 and Q, = (4~ + 1)2 + 8b2. 
We thus have 
a(p”) = (-l)“(V + 1). 
The parity of b is obtained by observing that the representation p” = 
(4a + 1)2 + 8b2 implies the congruence (p” - I)/8 = a + b (mod 2). Also 
if we let 2(D-1)/4 = E (modp) then 
(.w@,2)‘P-U/4 = (4a + l)f~--1)/2 (mod P). 
2f9-1)/4 . #P-1)/2 z (4a + ])(a-1)/2 (mod P), 
+)~(4~p+l) (mod P) 
and by the quadratic reciprocity law this is 
e(s)-( 40:l) (modA, 
66 CARLOS J. MORENO 
where b = 2kb’, b’ odd. Wow raising both sides to the vth power we get 
E” ($) = ( 4ii 1 ) (modp) 
and 
4 2 ” z 4a + 1 ) (mod P) 
Es (-1) (mod PI. (1.16) 
Therefore we obtain 
and 
(-l)b = E~(-l)(~“-W 
a(p”) = ~“(-l)(~“-r)l~ (u + I), p z 1 (mod 8). 
This completes the evaluation of a(n). 
COROLLARY 2.2. (i) a(n) = 0 if n f 1 (mod 8) or if n is not of the form 
,? = I-I Pb(P) n qza(q) n +(r) n s2ds), 
(1) (3) (5) (7) 
where the product n(a) runs over the prime divisors of n which are =a (mod 8). 
(ii) a(p”) = ~~(--l)(P~-~)~~(v + 1) ifp = 1 (mod 8), here E 3 2(p-1)/4 
(mod PI- 
(iii) a(p”“) = (-1)” ifp = 3 (mod 8). 
(iv) a(p”“) = I ifp z 5, 7 (mod 8). 
Our next goal is to exhibit, within the framework of this example, the true 
connection between the coefficients in the power series expansion 
4 fll (1 - q8”)(l - q16n) = f a(n) q” 
?I=1 
and the higher reciprocity laws. This is accomplished in the next theorem 
which is stated without using the language of class field theory. 
THEOREM 2.3 (Arithmetic congruence relation). Let p be an odd prime 
and let F, be thep-elementjield; let a(n) be the nth coeficient of thepower series 
expansion 
4 fjl (1 - q2w - $6”) = f a(n) qn. 
?L=l 
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Then 
#(x E 5, : x4 - 2x2 + 2 = 01 = 1 + (yl) i- 4P). (1.17) 
Rem&-. We have called the equality (I. 17) a congruence relation because 
on the one hand we are counting the number of closed points on the scheme 
Spec(F,[x]/(x” - 2x2 + 2)), IF, = algebraic closure of ff ,, , 
left fixed by the action of Frobenius 
@,: a + a”, 
and on the other hand we have an expression involving the eigenvalues of 
the Hecke operators. 
Proof of Theorem 2.3. We begin by studing the factorization of the 
polynomial f(x) = x4 - 2x2 + 2 in the finite field ff, . Let us first consider 
the case of a prime p = 1 (mod 8). Let i denote a solution of the congruence 
x2 7: - 1 (mod p) and observe that in [F,] 
x4 - 2x + 2 = (x2 - (1 + i))(x’ - (1 - i)) 
= h(x) *f-1(4. 
Now, since (1 + i)(l - i) = 2 is a square in IF, , bothf,(x) and f-r(x) split 
into two linear factors or remain irreducible. But the polynomial x2 - (1 + i) 
splits into two linear factors over F, if and only if (I + i) is a square in iF, , 
that is, if and only if 
(1 + i)(P--1)/z G 1 (mod p); 
but recall from the proof of Corollary 2.2, that for a prime p = 1 (mod 8) 
a(p) z 2(--])(p-lb/8 2(~-1)/4 (mod P). 
Now (1 + i)2 = 2iand hence (- l)(P--1)/s 2(p--l)/4 = (2i)(~-l)/4 E (1 + i)(p--1)/2, 
Therefore, for a prime p = 1 (mod 8), a(p) = 2 if x4 - 2x2 + 2 has four 
solutions, while a(p) = -2 if x4 - 2x2 + 2 splits over IF,, into two irreducible 
quadratic factors. 
To consider the case of a prime p = 5 (mod 8) we observe that again the 
congruence x2 = - 1 (mod p) has a solution which we denote by i. Therefore 
we have the splitting x4 - 2x2 + 2 = (x2 - (1 + i)(x” - (1 - i)) = 
fi(x)f-l(x). Now, we have that (1 + i)(l - i) = 2 is not a square in 5, and 
hence only one of the two numbers 1 + i, 1 - i is a square in 5, and therefore 
only one of the two polynomials Jr(x), jII(x) splits. Therefore if p = 5 
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(mod 8), then the polynomial f(x) splits over F, into the product of two 
linear factors and an irreducible quadratic polynomial. 
If p = 3 (mod 8), then the equation x4 - 2.9 + 2 = 0 has no solutions 
in IF,, for otherwise the equivalent expression (x2 - 1)2 + 1 = 0 would 
imply that -1 is a square in F1, . Therefore the polynomial x4 - 2x2 + 2 
stays irreducible or splits into two irreducible quadratic factors. We claim 
that this last alternative is impossible. Suppose that we have over IF, 
x4 - 2x2 + 2 = (x2 + ax + b)(X2 + cx + d). 
A comparison of the coefficients on both sides gives a + c = 0, ad + bc = 0, 
d + b + ac = -2, bd = 2, from which it follows that a = -c, a(d - b) = 0, 
b + d - a2 = -2. If a = 0, then d = b and bd = 2. If a = 0, d + 
2/d + 2 = 0 or equivalently da + 2d + 2 = 0 has solutions in IF, , but the 
discriminant of this quadratic equation is d = -4 which is not a square 
in IF,. Suppose then that a # 0. This implies b = d and hence d2 = 2, 
but this is a contradiction because 2 is not a square in IF,. Therefore f(x) 
remains irreducible in IF, when p is a prime -3 (mod 8). 
It remains to consider the casep = 7 (mod 8). Here again x4 - 2x2 + 2 = 0 
has no solutions in IF, because - 1 is not a square. We claim that x4 - 2x2 + 2 
splits into the product of two irreducible quadratics 
x4 - 2x2 + 2 = (x2 + ax + b)(x2 + ax + d). 
Let d be a root of x2 - 2 = 0 in IF, . We want to produce an a # 0 such that 
the above splitting into quadratics is possible. Now 2d - a2 = -2 and 
hence 2d = u2 - 2; we square both sides of this last equality and use the 
fact that d2 = 2 to obtain (2d)2 = 8 = a4 - 4a2 + 4 or equivalently 
a4 - 4a2 -440. 
The solutions of this quadratic are a2 = 2(1 f 2’13. But (1 + 21/2)(1 - 2l/3= 
-1 is not a square in IF, and therefore one of the two numbers 2(1 + 2l/3, 
2(1 - 2l/3 is a square in F, . Hence a can be found. Now the quadratic 
polynomial x2 + ax + b splits into the product of two linear factors if and 
only if its discriminant a2 - 4b is a square in IF, . But if it splits so does the 
polynomial x2 - ax + b. But then x4 - 2x2 + 2 = 0 would have a root and 
- 1 would be a square in 5, which is impossible. Therefore ifp = 7 (mod 8), 
then x4 - 2x2 + 2 splits into irreducible quadratic factors over IF, . 
Now let us observe that for a prime p = 1 (mod 8), the expression 
is equal to the number of linear factors of x4 - 2x2 + 2 defined over IF, . 
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For p = 3 (mod 8), N, = 0 and this agrees with the fact that f(x) has no 
linear factors. If p = 5 (mod 8) then N, = 2 and this is the number of 
linear factors of f(x). For p = 7 (mod 8), Nz, = 0 and again f(x) has no 
linear factors. This then completes the proof of the arithmetical congruence 
relation. 
COROLLARY 2.4. Ouer the finite jield F, the polynomial f(x) = 
x4 - 2x2 + 2 is: 
(i) The product of four linear factors ifp = 1 (mod 8) and a(p) = 2. 
(ii) The product of two irreducible quadratics if p = 1 (mod 8) and 
a(p) = -2. 
(iii) An irreducible quartic ifp GE 3 (mod 8). 
(iv) The product of two linear and an irreducible quadratic ifp = 5 
(mod 8). 
(v) The product of two irreducible quadratics, ifp = 7 (mod 8). 
NUMERICAL EXAMPLES. If A is the ring of integers of a number field, then 
we consider a point on Spec(A) of degree f as lying on the intersection off 
“sheets.” If we think of Spec Z[a], L-Z? - 2a2 + 2 = 0, as a “covering” of 
Spec Z, then the following picture describes that part of the “covering” 
which lies above the primes p < 43. 
Spec z 
23 57 11 13 17 19 23 29 31 37 41 43 47 
For example, above the point 11 there is a point in Spec Z[cx] of degree 4; 
above the point 41 there are four points in Spec Z[a] each of degree 1. From 
Theorem 2.3 and Corollary 2.4 we can read easily the values of a(p), in 
particular a(l1) = 0 and a(41) = 2. 
Remarks. 1. If T(n) is the Ramanujan arithmetical function, then from 
the congruence (1 - x)24 E (1 - x6)(1 - xla) mod 4 one obtains easily that 
I = a(n) mod 4. 
2. If p is a prime congruent to 1 mod 8 and i, 21j2 are, respectively, 
solutions of x2 + 1 = 0 mod p, x2 - 2 = 0 mod p then ((1 + i)/p) = 
((1 + 2’/3/p). This shows that for the primes p = 1 mod 8, the two poly- 
nomials X4 - 2X2 - I and X4 - 2X2 + 2 have the same type of splitting 
modulo p. 
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3. The Gauss criteria for the biquadratic character of 2 can be uesd to find 
the complete splitting of the polynomial X4 - 2 over the finite field IF, for 
all primes p. 
4. The Dirichlet series with coefficients a(n) is the Artin L-function of the 
unique two-dimensional representation of the Galois group of the degree 8 
extension of the rationals which is the splitting field of X4 - 2X2 + 2. 
John Masley has found that the conductor of the representation is 128. This 
shows that the corresponding cusp form is of level 128. 
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